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Iterative maximum-likelihood estimation of the parameters
of normnal populations from singly and

doubly censored samples
11W IL.. LEON RLAWI'ER AM) AI3EWI'l It. MO0lRE

A crospaceRelcsearch Laboratocries anad A ir F'orce Ind(iIhd of PJechnology,
IWriyht-.'allerswon Air Foree Ba-s;e

S U m NAny

I tvrat-iv(' pro('edures are givent for joint. maxininui-likelihood ea~tinuktioni based on singly
and doubly censored samnples froni a. normal population. Thei sinitiltaw-ous equiations
yieldling tho maxittitumnlikelihood estimiates aire. obtained. Since their a-lgebraic solut~ion i..

iinpossidlo.iteorative procedures are proposed which ate applicable ill thie most-general ea.ýo
in which bothi parameiters tire unknown and it] special cesacs in which cit-her of thle plarmeteris

is known. The asyniptotic variances and covariances are tabulated for 10%0/ censoring
int~ervals. A Monite Carlo, invest~igation of tho means and atanidard deviations of the
miaximium-likelihood estimators was, made for 1000 samples from the standard normal
population for it 10 and -n. -20. A comparison wa.s Mhen inado of best linear unbiased
estimators and miaximint-likelihood cstiinat~ors for n. = 10 11nd w, = 20

1. INTRODUCTION

The estimation of the )a~rancte~re of at censored sample, fromt at normal population has been__
considered by many auithors, who have used several different miethods, including the method
of least squares and the method of maximium likelihood.

Lloyd (1962) applied the theory of lea~st-squares estimat-ion to an ordIered sample fromi
distributions depending on location and scale paramnete-,rs only. Gupta (1952) derived best
linear estimators (Pt < 10) for thie mean and variance using singly censored samples from
normial popuilat~ions and for larger values of n deorived an alternative linear estimiator.
Sarhan & Oi'et~aborg (1956. 1 958u, b~) estfiintlued the me1anl and at-1aura djeviation of normal
popuilat~ions front singly and doubly censored samples (ai < 20) by the. me.thad of least,
sqmares,. Sat (1-5)9) developed simplified unbiased est~ima~tors of the nicant and variance
given at singly cens,,ored sa~tnlple from a. normial pop~ulat~ion (a < 120). Dixon (1957, 1960)
(leriveds imp1 lified vstimators of the ineaii and standard deviation for complete and censored
norm11al Samples Which arc almost ats efficient ats the best. linecar estimattors (n < 20). WValsh
(195(6) obtained distribution-free estimators for the populat~ion titean and variatice for
at rather general class of continuious statistical populations itsing (loubly censored samples.

Cohiel (1950) u1sed thle method of niaxinmunt likelihood to estimate thie r--aralneters of
normal populations front singly and doubly truncated samples. The t~erm 'trincat-ed
samnlleg' was used by Cohien ini a. senso somtewhat broader 1.han its pi ýsent usage and included
what, tire now called 'censored .amiples'. Cohien was primarily concerned, lioN~' %-er, with
Type I ecensoring (at a -specified time) rather than Type 11 censoring (when at specifted
numiiber of failures li-ve occurred). (Axtptit (1952) found muaximnitn-likelihood equations for
estimators of the parameters of it normal pop)ulation from a sAmple censored fromi above
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('i'ype It censoring), and determined their asymptotico varinw1 , in ,I ( v iaini(e. lI hdlr,'il

(1952) proved under mild regularity conditions that the maximum-liketiihod emtimator of
it single piralntet froill Singly censored samples is con.imŽent, asy In ptoticaily normally

di-tribiltt.,(I, mi.d o|" niIIiIt II Vitt wiu'i' e for lai,'g, saili's ituid iljdicat-,d his resulitds could be
gonoralizod to several parameters and more general censoring. Breakwell (1903) also
obtained mnaximum-likelihood estimators for singly censored sa11l11cs, asymptotic dist ibiu-

tions of the estimators, and their' asyilitot-ic Iialses. Plackvit (1958) showed that mnaximumI-
likelihood estimators are asvymptotically lineat and that tile best linear unbiased estinlators
are asymptotically normal and efficient. Ihackett comipulted a ' ilte,,,i.iA'd maximum-
1;V,:jv.0%" """' •-ima,~ mid ecrmp:nrod it. with the best litmiar inbiased estimator for, the
st•idard d'viativni of a it"orin1al population froln censored samuples (n ý_ IU). II Il Ihrco la.tr
papers Cohen (1955. 1959, 1961) extended tile results given in his 1950 paiper. 'lT10 lr'V't'Iit,

par il) I,,u't. dupliealos tile vork of Colhen and Gklipta but, extends til' resklit's fo, r' TypeI II
censoring to ineludo maximum-likelihood estimliation of the Iarameter's of a [tot-lia, polmla-
tion fromi a doubly censored sample, together with it compleclely comlutCrized iterative
procedure, and nalthemt.ical exl(essionlm luld tahhe. for a.symptotie variances and
covariutces. The mathematical fornmulation for maximiur II-likeli h0ood estimation is given
in § 2, the asymptotic variances and covariatices of the estimators are given in § 3. A discus-
sion of tho iterative procedtires for maximum-likelihood csit mation is given in §,4. A Monte
Carlo study of tho ma•aimum-likelihood estimators togothe," with a comparison with tihe best,
linear estimator is given, for small samples, in § 5.

2. NoinrAL POPULAT[ON-MAlIEMATICAL FORMULATION

Consider a randoin sample of size -.. from a noruad population with mean p and standard
doviation o- and let Xr 1,..... X,,-_. be the ordered observations remaining when the rl
smallest, observations and the r. largest observations havo been censored, The joint
probability density function of these order statistics is given by

I +'.-r 1

where -m = -it - r1 , + r..
Thu natural logarithm of the likelihood function is given by

L = In mhIn2n-mInoI-n ". (.r-t"+ l/ -rr, - *j=j,-, 1 I 2o'"
+ r.., [InI- A,'• )] (2.2)

"The likelihood equationq axe:

itL ?t Pi r.r r+ ' •"' (.r, .- r) - I I I [.r...
[ -r(Xr: .,-•) , [ -- I[(XF() , 1 o ']

"c I I 1,0 - (2")(,,_, -

= -JI . 1 ~)- 1 b'(r 1~)o
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ifo nI = , i.e. it *?I - r. - 0 thei ieneCquitifhns have expliicit solut.iumI

'iht det ihi of iClio iternit~ive provedure f'or let erm ill zil tile 111InxItnI-ini .iiciihood entifinlil e-ý
will ho. given in § 5.

3. Asymvo- l'V'IIC AUANVVS" ANV kOVA 21 AN(1ES OF NOI1IA I, I'M') MrA-'r0tn

(4iuptit (1962) liiis given theoret icali exp~ress3ions1 and1( a table for' the asympt~otic variancesO

miid nvI~ilil ni C.4"s oft the Ittixti i I I II-Iikelihlood est-imiat-Ors of the p irainetel's oft% 101n11 tIn I iopia-
Intioti fromt bitigi qnoc trt tllj~i~~pe.li wi.. ll W he exteaudII.J ill thk section
t~o the ease of doul bi)y uonsorcid samples.

T'he mttural ioe'aritlhnt of the likelihood fulletionl of R qi411nipie of, size 1?, from a llornnll

population Avith nival p 021(1 stadiml~r keviatioi (r, the lom est r, uond tile highecst r, ati
vulthic- mv inp- ilenu venusoicd, is given by

L =-t Il Am In2T-tt nc

au -n n - r,- r.. I n this niotattion, tho first purtiald derivatives (if , lire given by

OL I #I--r ?,f(zl) r., z4fL1 )(3

ni I ' ~j'm ,i)2(r 1 ZIf ) (r I '~ 33

hr (1. o F( I) c-I (

The second partial derivatives of L are given by

- 12 -i-r -f~zl) +f0 ,'J(z z BzL(34

Va-x - 1 1 +~ z I- PI- - (.)Z 1F. 2
0/1' "O 1Z1 1- I ` I

b. 1, )) a, I. f(' 1) V2 +L fAZ1) r1 'fz.)fl f()___
jif7~ ~' ~ ~ (x,-ii)-- ~I-.F(1 ) '~ b~z~) I- 1(~L2~l~ 4

o a o- 4 r,- 1,a2

Now let q, = r,/i, q., = rq2/n, IMnd 1) q,' - q, in. As nt w> (q, a nd qz I! ed), z

where ffdI=. - Where f f(f) (It .,E Ia ') jfVd

an Of t)2 (iti)
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ThU hvivluiilt OfI t i hlfcilnftwnt nioiut rix (mnlttiplicd by 1,. n) nv.y I"i writl lis i

I itnii- E + (• , ~ l_ (:37)

illm -< Eli ' -ff(44)-f(i.) + ±0 1 f(f1 ) ." -t- q j-f(.2 Ill. (3-8)
R.. 1, /4 X I.) 3

u . rr = 21+ -(''•f) - f.J())+ ^,'f(I') ý. +- qI 4- 2 ) ,

Thie uvhlImptot-ic viA ri.n- -eovariunee imitrix matf the (Rtinmu trs/7 and - i8 t/h'ui o21 (!jiit
wlere' [1oo] = [o(,e); Ir one dr'ops t he term;s involving e from the equationa (3-7)--(3.9) the

rosult-q agrt_ wit h those given by rup t a for the ease ofi single en•morOing.

lFli~k' I, ; 6f o.6n o011 flt a )sympl'ic ratriancaIC mid corari..iers of mflt.it atmi .likelihood

C.Mdim•tlors of paranteters p, and ur of normat ptn~nfldhmi from vamplcm. oq . n.mil poriIo.N

rh ce(yored b'o e l,(ow mid q, (front ab1ove

BiothI pamlln1on•n mii l ulkuaOWN
_______-_knowii It known i

q, ( n vur(fi)/er1 n Oov'/V, U) )/tr u v 1-(J-)loZ , V111(j0 )t2'• ) vlltao, li0t

0-0 (0.0 1i000U00 0"00000O0 0.500)000 1.00000(0 -(. tono0
0-0 0-1 1.020092 0.0.11136 0-.851•25 1-017205 0-58.2116
0.0 (1.2 1,0112323 0- 10(6905 0.09841i91) 1.0.15728 0-67793.1
0'0 0-3 1- 138257 0.20•1568 0-819740 1-086204 0-782212
0.0 0'4 112721156 0-359824 0419-1159 i.i12501 (1.8113025
0.0 0.5 1.5170911 0 04) .521-3 1.2414113 11222031 1.001)!(
0.0 0.6 1.990850 1.025933 1415404 1-339322 1.0811805
0.0 0.7 3-010940 1-832I1- 0 2-2479107 1.82 1147 I-1,16t.13
0.0 0"8 6-7803912 3-717327 3-837484 1-874080 1-14H8911
0-0 0_-9 1177941599 -10(oo22 -7513923 2-78,191 -1-1757711

0.1 41, ! I 03I.A) I I -. l0i000 0.702692 1-0:15011 0-702692
0.I 0,2 1.070615 0-071658 1.847527 1-064557 0-.z42731
0.1 0.3 1" 140391 0- 1877.11 1'041120 1-106533 1 ol 021 it
0.1 0,4 1.2741494 0-379562 1.3151918 1-1I15014 I-2028"M

S1 (1.5 1,54220R 4 .-1 15 I5 1 - 13411 I - 8722 1-4105385

( 0.6 2-128202 O-:1".1u08 2-4586(5• I. .;1i- o3oi I. . I:ti7
(. I 0.7 3-1656153 2-8807315 3-954.17.5 1.567111 I-.1190158ii
0.1 018 9.774.141; 3.:i7227 S-415511t3 193.15427 I.7113898

0.2 0,2 1- 01.5839 0.00(i000 1.0512478 1.095839 1-052,478
0-2 0.3 1-1,52.548 0- 127812 I.341.160 1- 140370 I .;12721193
(I." ()..1 I *27550 1 (-:16 0755 1-7834(1103 1-20 2.5)8•2 1,6,1,171
01-2 ((., 1,505(437 Ou820702 2-537708 1-291020 2 .104956
02 - ' 2-301737 1-897 104 4,0938-1 1-422.-1 I 2-530381
0-. 1.7 . 18.4839 -6.628780 8.927375 1-1135853 2-816625

0.3 o.3 1- 188673 0.000000 1-7963.13 1- 1 H8i473 1.-7116133.8
0.3 0-4I k-281151m17 0-273191 2.5619779 1.2564-24 2-511720
0-3 0.5 1-565414 0-938941 -4 1-65851 1.3i)3277 3-51i27il
().3 0-6 2-68972.,9 -2S197S 9.-0.3125 11-198614 5-0:1t488

0-4 (-.4 -.1:3231615 0.000001 4- 173987 1 3.:M1205 4-1731987
0..- 0.5 I -.56l0895 -071107013 0.-0897013 1 --1 1790 8-3.1797.4

Ihtor-chliilging q andl q, hlvavm' varifl it'S Mid ItA lb'olih valhio (na " a.ovitfl' uca la io nil0iamigodll~, but' c'Iinligvl
-igal of t o\.il .
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The, uqtiipItatiLtiotl Of tMe Vle"nHASih q' of M e i"Punatiottoin suitrix (aitmilt ipliid by . ) as

givois l) eqnal jonsc (3-71)-(3t*11), s111(1 flii 5ivvc'ti~l~s of' this laut ri\ tit ohtlilcii lilt, ('oc'1ittula ofi

,qc ii h, U ,,Hiwt ,ocrasc. ,t 6, ,,c ,et ]('hiisn. fl(, jd)II In, I $Mlt.I I eonilpuleor. 'I lit'-
i'estlt i~. ll i edi~i~ntS~ Of a"irn ill V111 (ii), eoiv (pi'. u). viir (nj. vcit*(j/(oj )i aml* \,t 01/1) ares give'ts

ill 1,111114- If11i, fill ctitiillaitiont;i 4q,/ ahll q, %% Iiielkan inirega tite rtIiiilt tI~ci plI, it 0. alid which arc
Suchi that. q, -g < 1, und q, ý (is. Only half of' t lit' Uthi it; given Ntivejt, itervlcitgitig t fit
vcili'rn for ill and q. would produlviioN 1 chanige iii t it(, WIii vsi it' hlttt eXt'lep ~thalit (*OV (ii. 8
AMP WWLg~ sg Vnw ari c C5 c 5 iI toI six (lemnl l t dinte. TFhe remcIts Aii tic v igich ''ccasiI gIiac
It bccvv (Ii r.cit tell lines 01' i'able I ). wheti rciliidedl Ii oV( fi~vejec 11111 lpii('L. tigive wit Ii t Itiaci ; I
( opta v~ci.elcit. for slight. diseci 'asciviv hil te ease CRVf 0-0, q12 0-.

41. 1 tIi'VAI \ V. ESTIM ATION' P'iOC-itWREt

'Ill ! lijkeliho 11(01 q i ati Oi(2' :~ a ci (IQ .ilsmvi' ex Ii cit-iolutcit lon i ly in 1110e ea'seo ol ensiplet e
scitilis on (-c n I) F'w etwnorud mtmn~les. htms Av c' APoecIltro~s I-v. f beent qltcvtlqoe"'
jot' ij ditig the, jointi cintuxins titti-li~o uniod estMintntorc. 'l'lues involve st~inmat-icg tilt, ira -
llwl erc-. olw' at. attlV in tlie cyclic ordtor /I, oa, omit tinig a parameteri if' it. ja aso met to hW
kniownc. One Mtarik byv ciiosimnt hult jt! est itillte(ic) torthe1 iiithtuwn pauramet er(s). At cvaeh
.step. hticle -l' of fallse posit ioti (iteratit ve lhinar interpolation) is utsed to dete-rmine tile viline
of the paramietetr t hen beitng v'nat iuttd whimid usilisinies the, appropriatde likvdihood equation,
in which th latest. ustuniate (or knom-n vlue,) of the ot~her' pnrni'c~tor lin- beeni -satbit~titted.___

Iterationl cosit-iltiea until tilt results or' sucemsive stela (gree 1Wt whhN some flnsignfed
tolerautive. FExperiuco euc uhaslwn EXad. the rate of eulivergence ic; quite rapid if tilt initial
extimnat11. ossre, retwoitabl' and tilt tuiount. of eonmoring is not exvcmmvu.

n. AoNTR CARLO S'TVU Y OPt M 1 XniM ia-IM W0t0oD 1S'rI'MMURoS FRM*

SMALL SAMPLKS

There~ is no hnown aaytic method of d('t-ortitilitig thte variances and eovarialco of thle

joint dist rihut ion of' the ciaxttunium-iikeiihood u'stiniat ors it' ailt( (I froml smtdial staliplen.
Furthenurnie, theme wsicanatr, while asyniptotically unbiased, ave knownvm to be biased tor
Slinuili sainple4 (except ft when cecisoriig is absent or syannetric), though annlyticeXp!-CSaioziut

ordecr t~o obtain information about (lie StnilII -iali plo properties of these,; est icuatous, aINMoiite
Cartlo --It idy Wsis jcit)Vi-6'tldii oil tilie I1BM 'il collipilier. Forit - 1o amid for i 2- ()t) one

thousntuln randolum Siiilikaof nMistutdai'tl noria'iit (levitites were gel t'ratevd, luid the it dV\ jialtei

11cin l pac ,mpilo were5( nrmniged ini ordr front Hinaiieat to las'gesc., Thu iterat ive procedcsrv
dmvt't'ih~i §n~4 wan sii tod lu -mpiit( thle est imiates P7 an d 1, ai is ,Ajo am! Q . from thlit
mi or'der Staitistij.cs retnahdnig ins enchli samijle sifler pi'opo'tioii q1 amnd q2 had been eemnso'e
fromt below antd fmont a hoyt'. t~ecpetivol v, where (1, and q,,, were taken cit intervals of t0 1,
sslijevct to the restric'tionis q, tý qavi sita 2. 'I'lle Inoiltis, vtiriacweps, and cotilritmncefs of, tilie

estitmiit% 17cal 100t0 loot)11inpico of size it toU aire given in 'Vable 2, and similar r'esult", for
11 2( amre givell ill Tlable :1. Tlher'e is no loss; of generality assciasJ'tted with tilte s'estrietion

q, q,,. sin'e hit erehacigicug q, andI q,, wvoid proudite ISo ('lhfa v iW t he expecte t~aubu~t
values CXcelpt t hat of reversin~g tlit( signs of die meani of ft and tlie( covariAnee ohft ti ad fr.
Thle rows of 'able 2 (am! likewise 'lahll 3) are niot statist ically isu~lepelidevil , since t hey sire
bilsed oiltilt, icesaice Saimiples (with diffmerent. lpropottiitio- censotred).

34 t~ihm. 53
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I'llblip MAr's 1w, raur iait r.'. a i 1 ro u rin n ew~ ( if Ill ax, ~,oiII it) -hk InUJM i-jtu: h~ N. tU? (If m illi

s-tnandard do'ii~ativ of stmidured normal IlpUI()idttio Ql w 1, if-~1 from. lIM0) 'Iftntlitti lj o-

nl 10) iiill jlIo))t)4ttt q, lrenit.-nd fromn hbntnn: and q,, fruln UbmnT

p1 it 11 fi-- ittll Ittl:; j)* Jimt umtn Ifli f.o -iltv i t till (I 0. V11111 0 -tM

.) 2 - I2 11) Il 101 01)1)1f .1(101 till0 117 1 ill I il-
-I .3 - *01i -MR( '11S -lilt)9 .117. -- tit -917 .11 t- II" -1,7
*t I - ( 17 -1'1 L -,2 f 1... *o-a.I q.1 lit 114 -I I -AIN I
- A - - -1 I I -At Ill u4i.7 -Its I 12 15 12) -11tb

(I It It) -Ill -14t - 17 A 1 2,3 - -111 -11t-I tWi It - It
-0 7 31 (17 0,11% -11)4 -.10t, -- 03 -113 .111,1 Il
.() * -) 1* .1, -il 412 -1. 1if . (14 - *t0b. -Oft -197 1 llý

i.I (*-1 -1-01I) (1 )4 -110 f I! 1)117 ww)7' -i iol 517 -lo t 1111-1

AR 1. . .1", *o27 1-1 Itfil 17it -- U 14 *I2 -1i17

.80* 11--6 *41 '27 '1-H -lxit I --01 *il11 *111 .113)1

-1 .4 - -.0 -81 IN1) -0211 -11)1 --of -it -1. 1 -it -till
ru' - It-l t.i i -141 f1-)11 lii .9 1ii 0-46 1 111 6 A 1S7

.11 .4 , ll t - I It1 't2 V121 .)752 --tt3 -9 2 -1.0 -l3lt
.3 .71 .13 AP -.-71 -140 ~1 --- 0 41 111) .031311-'lt

(),'_ 0 -4' -001 .", o u-nI 1.j3.( I.0 0-218l 0-1)0 ()0(1 (I-3 I -2112 tt

.'0 .-wt .1)1 -14 -011st -i .1) .11J 10 Ol .4t .1

'2. .0 *1.1 -(-A I4.- 01 .034 -Ii -1 -11t 2 .1 1 1 tiff

.21 .- -1. 1p4 -Il -Vi7 12 -I5 -4 -lIi) -30 -1-111 -(1.11
0.3 *I1 -'1017 17 110 - (13t-110 '1)7 - -4. imt) -07 'uIi * .ItA-,
.3 .7 3t' -tip .101 '02ti1ll)-1 - II) 2 til k).7 -lilt;

.3 .11 - - 13 1:3 -148 -01)a1 -212 -117 9(17 't.3 0

0'4 0-2 -001 n'ti- U-134 1111-10 0.o3I -)u U-t00 0-t34 '(1-21m.

danda -d --.1)1o -of -ItSar noia poplatio / -( 0, -II1) fro -)100 mamle-if

-1 '-1h -rprto. -1,: et1 *iretvoyl bdouZ and5 -if lt -ab-ove o

'it -N jer NS -0 -~~--: -13 -" tft~t -(;111 V-'I1M1

(1-0 I-N2 0.11) 41-07 0-0111 iU-ti0l U-0-13 (11]1-1 10 0-0) IN-l5 0-11227
n -I I -Iol 'It0 .1135 -1o21 .(47 -Itt .917 U-Its- -.027

- .- 12 -il) 7l -.0.1t -1105 -0321 .()1 -. 0t -04 -~ (.11,1I

-2 _ill 414I .T 011-11 ."M7 -St3ll -fili .9S -154) .1)131

(I- (4- I-.0I 0 0ll liNl 1-17 -0-l17 1.1:17 -tit) (1 I1 1-17 101 .0441

.0 -. ) --1411 -*i-1 -07.3 i('29 -t .'. -till 4. 07 Itnp 3U4
-0 -04 -m RD .00A -0014 .)7 1 -tit) -97t -o;3L -052
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The following tentattive conclusions may be drawn from Tables 2 and 3: (1) When q, < q.,
tile estimates- ýiand fitu, ire negatively biased. (By symmetry, these estimates are positively
bianed when qj > q, and unbiased when q, = q2.) (2) The estimates G and 01 t are negatively
biased regardless of the rdative magnitude of q, and q.. (3) The bias in estimating eit her
parameter is much smaller when the other parameter is known than it is when both para-

nmeters are being estimated simultaneously. (4) The bias of 0 (It unknown) is approximately
equal to - 1/m.

It would be desirable to compare the variances ofIt and cr from samples of sizes 10 and 20

with the values which one would obtain by substituting & = 10 and n = 20 in the asymptotic
values given in Table 1, as well as with the variances of the best linear nnbi•sed esA,imators

Fu* and or*. Direct, comparison of variances of estimators is appropriate, however, only when
all the estimators are unbiased. In order to compensate for the bias in the maxinmum-
likelihood estimators, the nean square errors of I', O, 1]o-, and &[u/ were computed. These
were compared with the variances of the. best linear unbiased estimators given by Sarhan &
Greenberg (1962, Table IOC 2) and with the variances of the mnaximum-likelihood esti-
mators given by the asymptotic formula, which v.-ere obtained by dividing by n. the values
given in Table 1. The results are shown in Tables 4 and 5 from which the following tentative

conclusions may be drawn: (1) The precision of the maximum-likelihood estimator il, wecn

proper allowance is made for bias, closely approximates that predicted by the ayszaptotic
formula for the variance of fI, even for m as small as 2, except in cases of strongly asym-
metric censoring. (2) The precision of the maximum-likelihood estimator 9, when proper
allowance is made for bias, closely approximates that predicted by the asymptotic formula
for the variance of &, except when m is quite small and/or censoring is strongly asymmetric.
(3) Maximum-likelihood estimators tend to be somewhat more precise than best linear

unbiased estimators. The difference is greatest for estimates of li in cases of strongly asym-
metric censoring and for estimates of o- when m is small and/or censoring is strongly

asymmetric.
Approximate corrections for the bias of the maximuma-likelihood estimators fl, a, fi a, and

ijo' for n 10 and n = 2o can be made by use of Onhe mneains found iii the Monte Carlo study
and recorded in Tables 2 and 3.

The authors are indebted to the referee for suggesting a number of improvements in the

original draft of this paper.
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